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Abstract: In this paper, a new class § - T'S,(n, ¢, o, ) consisting of § - uniformly
starlike, analytic, g-valent functions with negative coefficients of order o and type 3
and an another new class § - TUC(n, q, «, ) consisting of J-uniformly convex, analytic,
g-valent functions with negative coefficients of order v and type [ are introduced.

Coefficient estimates, distortion theorems, closure theorems and convolution results for
functions in these classes are obtained.
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1 Introduction:

Let T'(n,q) denote the class of functions of the form

f(z)=2"— Zak+qzk+q (ak+q > 0;¢,m € N) (1)
k=n

which are analytic in the open unit disk U = {z € C; |z| < 1}.
Let us now define two new subclasses 6-1'S,(n, ¢, o, ) and §-TUC(n, q, a, f)
of T'(n, q).
Definition 1. let § -7°'S,(n, ¢, «, §) denote the class of d-uniformly starlike,
analytic, g-valent functions of order o and type f3, satisfying the inequality

EAS SR =

0<a<pf<q0<i<qgzel).
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Definition 2. let §-TUC(n,q, a, B) denote the class of d-uniformly convex,

analytic, g-valent functions of order o and type g, satisfying the inequality
Zf”( ) } ’ Zf” ’
Re< 1+ >0 1+ - p 3
G )

0<a<pf<q0<di<qzel).

It follows from (2) and (3) that
f€o-TUC(n,q,c, B) < 2f' € 6-T'Sy(n,q, a, B).
Specializing the parameters n,q,a,3 and J§, we obtain the following
subclasses studied by other authors.

(i) 1 —TS,(1,1,a,1) = 1 — ST(a,1) = Sy(a) = S,T(a) = T*(5%)
and

1-TUC(1,1,0,1) = 1-UCV (e, 1) = UCV (a) = UCT (o) = C* (142)
(see [1], [2], [3], [8]);

(i) 1 -7S5,(1,1,0,1) =1 - 5T(0,1) =S,
and

1-TUC(1,1,0,1) =1—UCV(0,1) = UCV (see [3] - [8]).

The object of this paper is to study various interesting properties of functions
belonging to the classes 0-1'S,(n, ¢, o, f) and 0-TUC(n,q, o, ).

2 Coefficient Estimates :
Theorem 3. A function of the form (1) is in the class 6-1'S,(n,q, o, B) if
and only if

oo

D lk+g—a)+0(k+q—Blaryy < (g—a)+d(a—F5) (4

k=n
0<a<f<gnqgeNa,,>00<d<qgzel).

Proof. Let f € 0-T'S,(n,q,a, ).
Then
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2f'(2) } 2f'(z) ‘
Red ——~ —a;—0|——=—03|>0
{ f(2) f(2)
G2 = (k+ @)agy
Re k:"w —«
La-1 _ Z Qg2+
k=n
qzqfl o Z(k + q)akJqukJrqfl
5 k= -5 >0
ZfI—l o Z ak+qzk+q—1
k=n
Re {(q —a)z2"' =Y (k+q- a)ak+qzk+q_1}
k=n
= 0|(g =BT =D (kg = B, > 0
k=n

Letting z to take real values and |z| — 1, we get

o0

(q—a)+0(q—B) =D [(k+q—0a) +(k+q— B)larsy >0

k=n
This implies
S ((k+q—0a)+08(k+q— B)larg < (¢ — )+ (g — B),
k=n
Conversely,
') } _slEe)
Re 55 o} o -8
2f'(2) zf'(z)
S i ‘“‘4‘5 7 ‘4
qu,1 o Z(k + q)ak+qzk+q71
=1 h=n —a—1
Lol _ Z ak+qzk+q—1
k=n
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G2 = (k+ @)agy
k=n
—) — —p
_ Z ak+qzk+q71
o)z Z (k4 q— a)agy 2"t
—1— h=n —1
-1 Z ak+qzk+q—1
k=n
(q—B)2"" = (k+q— Ba !
—45 k=n
-1 Z ak+qzk+q 1
(q— )|z — Z k4 q— a)ag 2"t
> 14 b=
_ Z ak+q2k+q 1
(g —B)Iz17Y — Z (k+q— B)ar 2!
— 1+ k=
_ Z Aot k+q 1
k=n
(q—a)+0(g—B) =D [(k+q—a)+6k+q— B)lar,
— k=n
L1 _ Z Uy g2
k=n
>0 by (4).
Thus f € 0-1T'Sy(n, q, o, ). O

Corollary 4. If f € §-T'S,(n,q,a, ), then

w. < (g —a)+d(qg—p)
M=kt q—a)+d(k+q—B)
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0<a<f<q¢0<d<gqk>n;qneN).

The equality holds for the function
(q - O‘) + 5(q - 6) Shta (6)

= 9 _
f(z) =2 ktq—a)+olktq—p)
0<a<f<g0<d<qghk>ngneNzel).

Using the same technique used in Theorem 3, we get the following theorem.

Theorem 5. A function of the form (1) is in the class 6- TUC(n,q,a, )
if and only if

oo

S (k4 qlk+q—a)+0(k+q—B)arg < gllg—a) +5(q—B)l,  (7)

0<a<fB<g0<d<qqn€eNa, >0).
Corollary 6. If f € 6-TUC(n,q,a, ) then

o e q[(q — ) +d(q — B)]
=k (k+g—a)+o(k+q—p)]

0<a<f<qg0<d<qgk>0¢q,n€N).

The equality holds for the function

_ a0 qllg = a) +9(g = B)] ke
f&) = ik T a—a) + 6k + 4= B)] (9)

0<a<f<q0<d<qk>0,q,neN;zel).

3 Distortion Theorems :

Theorem 7. If the function f € §-1'S,(n, q, o, ) then

(g—a)+6 (q—Pp) +1
q _ q < f
I (q+1-a)+6 (q+1-p) 2l ()]

(q—a)+5 (q—PB) | 7]d+1
(g+1-a)+6 (q+1-P)

<lzl? +

The result is sharp.
Proof. In view of Theorem 3, since ¥(k + q) = (k+q — ) +
d(k + q — B) is an increasing function of k(k > n),we have



32 South Fast Asian J. of Mathematics and Mathematical Sciences

(a+1) ) larg <YWk + q)larsg < (¢ — ) + (g = 5)
k=n k=n

Therefore 0o
(¢—a)+d(g—B)
2 lowedl < Ty

Thus we have

@< 12174 a2

k=n

(q—a)+6 (q—P) +1
< q q
lf(2) <1zI9+ T 018 (a1 B) [z]

Similarly we get,

[o¢]
F(2)] = (219 = laggl|2|""
k=n

(g—a)+8 (g—p)
| ( )l Izl (q+1-a)+6 (q+1-p) Il

This completes the proof of Theorem 7.

Finally the result is sharp for the following function

(q—a)+5 (q—P)
— -9 _ q+1
f(Z) z (q+1—a)+6(q+1—B)Z (1())

0<a<f<q0<di<qq,neN;zel). O
Theorem 8. If the function f € §-1'S,(n,q, o, 3), then

1|, la+Dlla—a)+d(q—F) '
= o G 1 <)

< [of! [q L e+ Dllg—a) +0g = B, ,1
(@+1-a)+d(g+1-5)
The result is sharp.
Proof. Similarly, %J;q) is an increasing function of k, (k > n).
In view of Theorem 3, we have
LS et lovea] < 3 0lk + lowsal < g - 0) + 30~ 5)

k=n k=n
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Therefore,

D (bt @)lary| <

k=n

Thus we have,

()] < 2"

< [

Similarly
£/ (2)] = [
> 2"

q-+

(g+ (g —a)+d(qg—B)]
V(g +1)

q+Z(’€+Q)!ak+qHZI
(¢+ (g —a)+d(qg—B)] ‘2’1
(g+1—a)+0(g+1-7) '

g— Y (k+ q)lak+q||2|]

k=n

(q+1)[(q—a)+5(q—6)]| @
(g+1—a)+d(g+1-7) '

Finally the result is sharp for the function f(z) given by (10).
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O

Using the same technique used in the Theorem 7 and Theorem 8, we get the

following theorems.

Theorem 9. If the function f € 6-TUC(n,q, «, 3), then

‘Z‘q—

(q—a)—|—5(q—6) q+1
(q+1)(Q+1—a)+5(q+1—ﬁ)‘Z’ < )l
< |Z|q + (q _ CK) +5<q _ 6) |Z|q+1.

(g+D[(g+1—a)+d(g+1-p)

The result is sharp for the function

fz) =21 -

(g+1) (¢g+1—-a)+d(g+1-7)

0<a<f<q0<di<qgqeN;zel).

Theorem 10. If the function f € 6-TUC(n,q,«, 3), then

2|7 g —

(g+1—a)+d(g+1—0)

(g —a)+d(g—p) Lt

(11)
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(g —a)+0(qg—p)
(g+l—a)+o(g+1-p8)]"

< 277 g+

The result is sharp for the function given by (11).
4 Closure Theorems :

Theorem 11. If f,(z) = 2% and

fk (Z):Zq— (C]—Oé)‘i‘é(q—B) Zk—f—q
*q (k+qg—a)+dok+q—p5)"

then f € §-T'Sy(n,q,«, B) if and only if it can be expressed in the form

= Z Nitqfrrq(2), where A\py, > 0 and Z Mitq =1, (¢ € N).
k=0

Proof. Let f(z Z Nitqfirq(2),where Mg, > 0and Z Mg =1, (g €N).

k=1

We have

N _ .  (g—a)+dg—B)
Z)_;A“qfk”(z)_ququkz_;Ak” {Zq Grg—a) +okra—F"

, o)+ 0(q — f) k+q
_Z)\k+qz ZAk—kq k+q_a)+(5(k+q—ﬁ)z+

@) +6(qg — B) .
Z kte k+q—a)+(5(k—|—q—ﬂ)Zk+

Since
> (¢ — ) +d(q—p)
kz:;[(kJrq_a>+5(k+q_ﬁ)]>\k+q(k+q—a)+5(k+q—ﬂ)

[(q_a +5q_ ZAk—&-q
= [((J—Oé)+5(q—ﬁ)](1—A ) < (¢ —a)+d(g—b)
The condition (4) for f(z Z Mietq frrq(2) 1s satisfied.

Thus f € 6-T'Sy(n, q, v, B).
Conversely, we suppose that f € §-1'S,(n, q, o, B),
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(o]
f(z) =21 — Z ey g2, apig > 0
k=n

and we take
(k+q—a)+d(k+qg—p)
(¢ —a)+d(qg—B)

(O§a<5§q;0§5<q;k2q;q€N)With)\qzl—Z)\Hq.

Aktq = Uktq = 0,

Using the condition (4), we obtain =
o0 1 o0
Netqg = k+q—a)+d(k+q—0)a

1
“la—a)+og—B)]

[(g—a)+d(g—p) =1

sothat 1 — A, <1lor A, >0.

This completes our proof. O

Corollary 12. The extreme points of 6-1'S,(n,q, o, 3) are f,(z) = 27 and

(g —a)+d(g—p)

frrq(2) = 27 — (k+q—a)+d(k+q—0)

(k> n;q,n €N).

Using the same technique used in Theorem 11, we get the following theorem.

Theorem 13. If f,(z) = 2% and

Frralz) = 27— (¢ —a)+6(g—B) -

Z Y
(k+lk+q—a)+dk+q—p)
then f e §-TUC(n,q,a,B) if and only if it can be expressed in the form

F(2) = Mesqfirq(2), where Mg >0 and Y " Ny =1, (g €N).
k=0 k=0

Corollary 14. The extreme points of 6-TUC(n,q,, ) are f,(z) = 29 and

(¢ —a)+6d(g—0) g
k+lk+qg—a)+dk+q-0)]

karq(Z) = 27—

(k >mn;q,n € N).
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5 Hadamard Product :
Definition 15. For the two functions f,g € T'(n, q), with
z) =29 — Z Aprg?™ (ap1q > 0;9,m € N)
and

- Z bk+qzk+q (bk+q > 0:¢q,n € N)a

the modified Hadamard product (or convolution) f g is defined by
(f *9)( Z gDy g 2™
Theorem 16. If f,g € 5-TSp(n,q,a,B) with
2) =27 — iakﬂzkﬂ (agtq > 0;n,q €N)
and .
z)=21— Z birqz" ™ (bpsg > 0;n,q €N),
Then f * g € (5—TS:(n, q,, B)

Proof. We have

[e.e]

DIk +q—0a)+6(k+q— B)larsg < (¢ — @) + (g — B)
and a

ki[(k+q—a)+5(k+q—ﬁ)]bk+q<(q—a)+5(q—ﬁ)
We notice that (f % g)(z) = 27 — Zak+qbk+qz

From g € T'(n, q), by using theorem, we have Z(k + @Q)bryqg <1
k=n

and we notice that by, <1, (k+¢=q+1,q+2,...;¢ €N).
Thus,

o

Z[(k’ +q—a)+(k+q— B)lariqbriqg

k=n



Certain new classes of Multivalent Functions of order Alpha and Type Beta 37

<Y [(k+q—a)+6(k+q—B)larsg <(q—a)+d(g—p)
k=n
Hence f x g € 6-T'Sy(n, q, o, B). O
Using the same technique used in Theorem 16, we get Theorem 17.
Theorem 17. If f,g € 6-TUC(n,q,«, 3) with
f(z) =2"— f:ak+qzk+q (aktq > 0;m,q € N)
k=n

and

g(z) = 2% — Z btq? " (bryg > O;m,q € N),
k=n

then fxg € §-TUC(n,q,a, B).
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